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ON THE STABILITY OF ECCENTRICALLY STIFFENED
CYLINDRICAL SHELLS UNDER AXIAL COMPRESSION*
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Department of Aeronautical Engineering
Technion-Israel Institute of Technology. Haifa, Israel

Abstract-The effect of stiffener eccentricity on the critical load is studied for cylindrical shells under axial com
pression. Classical simple support and classical clamped end conditions are considered. A detailed physical
explanation of the causes of the eccentricity effect is proposed and verified by computations for 350 typical shells.

As in the case of buckling under hydrostatic pressure and torsion, the behavior of the eccentricity effect in the
case of axial compression also depends very strongly on the geometry of the shell, represented by the Batdorf
parameter. On the other hand the geometry ofthe stiffeners influences only its magnitude. At very low Z. inversion
of the eccentricity effect occurs, but for practical dimensions outside stringers always stiffen the shell more than
inside ones. The eccentricity effect has a pronounced maximum at practical values of Z. The behavior of the
eccentricity effect is very similar for clamped and for simply supported shells. The effects of eccentricity of ring
stiffeners are also considered.
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coefficient of displacements
cross-sectional area of stringer and ring, respectively
distance between rings and stringers, respectively
defined by equation (15)
[Eh 3/12(1- v2

)]

defined by equation (16)
moduli of elasticity of shell, stringer and frames, respectively
distance between centroid of stiffener cross-section and middle surface shell, positive when
inside (see Fig. 1)
defined by equation (17)
shear moduli of stringers and frames, respectively
thickness of shell
moment of inertia of stiffener cross-section about its centroidal axis
moment of inertia of stiffener cross-section about the middle surface of the shell
torsion constant of stiffener cross-section
length of shell between bulkheads
moment resultants acting on element
geometrical bending stiffness of stringer-shell combination
integer
membrane force resultants acting on element
number of half longitudinal waves
prebuckling membrane force resultants
hydrostatic pressure
axial load
buckling load of equivalently thickened shell computed with empirical buckling coefficients
buckling load for unstiffened shell
buckling load of equivalently thickened shell
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u*, v*, w*

buckling load of monocoque cylinders corrected by empirical coefficients
(n-I) or (n+ 1)
radius of shell
number of circumferential waves
displacements (see Fig. I)
non-dimensional displacements (= u*/R; v*/R; w*/R respectively)
co-ordinates (see Fig. I)
non-dimensional co-ordinates (=x*/R; z/R)
(1- v2)t(L/Rf(R/h)
distance of the centroid of the stringer-shell combination from the middle surface (see Fig. 2)
nR/L
(jij + (jo; where (jij is the Kronecker delta

U..p+l',x}
u.x middle surface strains
v.cP-w
(E,A,e,R/hD)
(E2A2e2R/aD)
(E,/o,/bD)
(E 2 / 02 /aD)
(G,/,tlbD)
(G2/'2/aD)

w.xx }w..p.p non-dimensional changes of curvature and twist of the middle surface
w.xcP
PR/nD (when written with the superscript + or - it means axial load parameter for inside or
outside stiffened shell)
; for unstiffened shell
(RJ/D)p
(I-v2)(E,A,/Ebh)
(1- v2)(E2A2/Eah)
Poisson's ratio
(l-v2)(E,A,e,/EbhR)
(1- v2)(E2A2e2/EahR)

Subscripts following a comma indicate differentiation.
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FIG. I. Notation.

INTRODUCflON

IN 1947 van der Neut [1] showed. for case of buckling under axial compression. that the
eccentricity ofstiffeners with respect to the skin has great importance. Later in some analyses
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of bending and buckling under external pressure, [2-4], the effect of eccentricity was taken
into account, but the importance of placing the stiffeners on the inside or outside of the
shell for external pressure loading was only recently emphasized [5]. The simple method
of analysis of [5] has also been employed for the analyses of stiffened conical shells under
hydrostatic pressure, [6] and [7].

Experimental evidence of the importance of the eccentricity of stiffeners was first given
by tests carried out at the College of Aeronautics, Cranfield [8] and more recently by the
spectacular results oftests at the NASA Langley Research Center [9] and oftests performed
by the Lockheed Missiles and Space Company [10]. Further recent experimental evidence
can be found in tests carried out at the DFL in Germany [11] on Mylar cylinders.

Recently, many investigators have studied analytically the effect of eccentricity of
stiffeners on the buckling of cylindrical shells, especially for the case of axial compression
[12] to [18] and [10], and a partial physical explanation of the effect in stringer stiffened
shells has recently been given by Thielemann and Esslinger [19]. However, in view of the
inversion of the eccentricity effect, first noted in stiffened conical shells under hydrostatic
pressure [7] and later in cylindrical shells [15], [17], [20] and [21], a closer look at the
effect inaxiallycompressed shells is warranted. In [20] a more complete physical explanation
of the eccentricity effect for ring and stringer stiffened shells under external pressure was
presented and the physical arguments were verified by extensive calculations, covering a
wide range of shell and stiffener geometries. A similar approach is adopted here. A detailed
physical explanation of the phenomena is given and then the numerical results are analysed
in the light of the expected physical behavior. The eccentricity effect is again shown to be
the result of the interplay of two opposing contributions. Inversion of the eccentricity
effect is therefore possible also in axially compressed shells, but here it occurs only for
extremely short shells which have no practical application. Again, the behavior of the
eccentricity effect depends very strongly on the geometry of the shell, while the geometry
of the stiffeners only influences its magnitude.

The analysis is an extension of that presented in [5]. However, since here axisymmetric
buckling may also be important, the axisymmetric case is added. The analysis of [5] is
then extended to clamped cylindrical shells in order to study the effect ofrotational restraint
at the boundaries on the eccentricity effect. Classical clamped ends, as given for example
in [22] are considered. In view of recent work on the effect of the "secondary" boundary
conditions on the buckling load of unstiffened cylindrical shells (see for example [23-25]),
consideration of only 2 of the 8 possible end conditions may seem incomplete. However,
from a recent study of the effect of boundary conditions on the buckling of orthotropic
cylindrical shells [26], it appears that the effect of the secondary boundary conditions may
be less pronounced in stiffened shells than in unstiffened ones, whereas restraint of end
rotations is more important in stiffened shells. The comparison between classical simple
supports and clamped ends is therefore significant. After this paper was completed, another
of the clamped end conditions (w = w.x = u = v = 0) was studied by Card and Jones [27].
Their results reconfirm the importance of rotational restraints in stiffened shells.

SIMPLY SUPPORTED SHELLS

For simply supported shells the present analysis for non-axisymmetric buckling is
equivalent to that of [5] and [20]. Hence only the main assumptions of the analysis are
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given here and then the final results for axial compression are presented. The main assump
tions are:

(a) The stiffeners are "distributed" over the whole surface of the shell.
(b) The normal strains 8x(Z) and 8</>(Z) vary linearly in the stiffener as well as in the sheet.

The normal strains in the stiffener and in the sheet are equal at their point ofcontact.
(c) The shear membrane force N x</> is carried entirely by the sheet.
(d) The torsional rigidity of the stiffener cross section is added to that of the sheet

(the actual increase in torsional rigidity is larger than that assumed).
The middle surface of the shell is chosen as reference line and the expressions for

forces and moments in terms of displacements are:

N x = [Eh/(l-vl)][ujl+lll)+V(v,</>-w)-Xlw,xx]

N </> = [Eh/(l - vl)][(v.</> - w)(l +Ill) + vU,x - Xl W.</></>J

M x</> = +(D/R)[(l-v)+lJrl]w,x</>

M</>x = -(D/R)[(l- v)+ IJtl]W,x</>

(1)

(2)

where III ' Ill' '101' 1J0z, IJt 1 and IJtZ are the changes in stiffnesses due to stringers and frames
and Xl' Xz, ( 1 and (l are the changes in stiffnesses caused by the eccentricities of the stringers
and rings, as in [5]. Since the analysis is concerned with instability, u, v and ware the addi
tional displacements during buckling, and as in [5J they are non-dimensional, the physical
displacements having been divided by the radius of the shell.

The classical simple support boundary conditions

W=o

(3)

l'=o
are assumed and

u = An sin t¢ cos nfJx

v = Bn cos t¢ sin nfJx

W = en sin t¢ sin nfJx

(4)

are the displacements which solve the Donnell type stability equations for general instabi
lity, equation (12) of [5J, in the presence of these boundary conditions.
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Assuming that the prebuckling stresses are represented satisfactorily by the membrane
stresses

N xO = -(P/2nR)

N</Jo = 0

Nx</Jo = 0

(5)

the third stability equation, equation (18) of[5], becomes for the case of axial compression

'1(- n3 fJ3 a.)+'2( - 2t2- b.t3)+ (1 + tlOl)n4fJ4 +(2 + tit 1+ tlt2)n2fJ2 t2 + (1 + tlo2)t4
(6)

where A is a non-dimensional axial load parameter defined by:

A = (PR/nD) = [12(I-v2)PR/nEh3] (7)

and a. and b. are given by equations (16) of [5].
The integer values of t and n (the circumferential waves and ax!al half-waves, respec

tively) which make Aa minimum have to be chosen to yield the critical axial load.
In cylindrical shells subjected to axial compression, axisymmetric buckling may occur

under certain conditions. The axisymmetric mode can be obtained from the non-axisym
metric analysis by letting t = O. Then equation (6) becomes

A/2 = (1 + tlo 1)n2fJ2 + [12(R/h)2/n2fJ2]{1 +112 - [(v - Xl n2fJ2)2 /(1 +I1d]) (8)

The integer value of n which makes Aa minimum has to be used in calculations. When the
shell is stiffened by rings only, equation (8) simplifies to

(9)

and if one assumes that there are many waves in the axial direction and that n can be
treated as a continuous variable, the critical value of ), becomes

In [28], equation (8) is also rederived with axisymmetry assumed from the beginning.

CLAMPED SHELLS

The analysis of [5] is now extended to clamped cylindrical shells and is presented for
axial compression and hydrostatic pressure. The same assumptions are made as for the
simply supported shells, except that the classical clamped boundary conditions

w=O

W,x = 0

u=O
(11)
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are considered instead ofequation (3). Displacements similar to those proposed by Batdorf
[22] for unstiffened clamped cylindrical shells are assumed here

<Xl

U = L (1/2)[A ln sin(n-I)/h-A 2n sin(n+l)px]sintcjJ
n=l

<Xl

V = L (1/2)[B 1n cos(n-l)px- B2n cos(n+ I)px] cos tcjJ
n= 1

<Xl

W = I Cn(1/2)[cos(n-l)px-cos(n+ I)px] sin tcjJ
n=l

(12)

When the shell is subjected to both axial compression and hydrostatic pressure the
prebuckling stresses are taken as the sum of the membrane stresses, equation (5) of this
paper and equations (13) of [5]. The Donnell type stability equations in terms of displace
ments, equations (12) of [5], are then

[Eh/(1- v2)]{(I + Ildu,xx +[(1- v)/2]u,4>4> + [(I + v)/2]v,x4> - Xl W,xxx - VW,x} = 0

[Eh/I- v2]{[(1 + v)/2]u,X4> + (I +1l2)V,4>4> + [(1- v)/2]v,xx - (I + 1l2)W,4> - X2 w,4>4>4>} = 0

(- D/R){(1 ( - U,xxx)+ (2(2W,4>4> - V,4>4>4» + (I + '70 dw,xxxx + (2 + '711 + '7t2)W,XX4>4> (13)

+ (I + '702)W,4>4>4>4> + 12(R/h)2[(1 +1l2)(W - v,4» - vU,x] + Je(w,xx/2)

+ Jep[(w,xx/2)+ w,4>4>]} = 0

The first two of the stability equations, equations (13), are solved by the assumed dis
placements, equation (12), in the same manner as in [5]. The displacements can then be
written as

<Xl

U = L Cn(!){ - an- 1sin[(n -l)px] +an+1 sin[(n + l)pxJl sin tcjJ
n= 1

<Xl

V= L Ci!){bn_,cos[(n-l)px]-bn+1cos[(n+l)px]}costcjJ
n=l

<Xl

W = I Ci!){cos[(n-l)px] -cos[(n + l)px]} sin tcjJ
n=l

where

aq = D1q/D oq

bq = D2q/D oq

and q represents (n - I) and (n + I) respectively

Doq = [(1- v)/2]{ (I +1l2)t4 + [(1 + Ild(1 + 112) - V]q 2p2t2+ (I + Ild[(1- v)/2]q4 p4

D1q = -[(I +V)/2]X2qpt4 +(l +1l2){X,q3p3+[(I-v)/2]qp}t2

+Xl[(1- V)/2]q5 p5- v[(1 - V)/2]q3 p3

D2q = [(1- v)/2 ]X2t5 + {(I +1l,)X2q 2p2- [(I - v)/2](1 +1l2)}t3

+ {{[(I + v)/2]v - (I + ,ul)(1 +112) }q2p2- [(1 + v)/2]X, q4p4}t

(14)

(15)

(16)
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(20)

On the stability of eccentrically stiffened cylindrical shells under axial compression 451

Note that Doq ,D 1q and D2q when q = n are identical to Don' Din and D 2n given by equations
(17) of [5].

Here, however, the third of the stability equations (13), cannot be solved in closed form
and hence it is solved by the Galerkin method. Ifone defines

F(q) = (1( - q3f33 aq)+ (2( - 2t2- bqt3)+ (1 + ~Ol)q4rr + (2 + ~t1 + ~t2)q2f32t2 + (1 + ~02)t4
(17)

+ 12(R/h)2[(1 + Jl2)(1 + bl) + vqf3aq ] - A(q2132/2)- Ap[(q2 132/2)+ t2]

the Galerkin integrals, for an N term solution, yield a set of N algebraic equations

N

L Cn{F(n -1)[b(n-1)(m-1) - b(n-l)(m+ 1)] - F(n+ l)[b(n+ 1)(m- 1) - b(n +1)(m+ 1)J} = 0

n=l (18)

m = 1,2, ... ,N

where

bij = bij +bOj

and b;j is the Kronecker delta defined by

bij = 0 when i #- j

bij = 1 when i = j

The determinant of the coefficients of Cn in equations (18), the stability determinant,
can be resolved into two subdeterminants, one of the even components and one of the odd
components representing symmetric and antisymmetric buckling modes. The symmetric
buckling pattern is hence represented by n = 1, 3, 5, . .. and m = 1,3, 5, . . . and the
antisymmetric buckling pattern by n = 2,4, 6, . .. and m = 2,4, 6, ....

The critical load has to be computed for both buckling patterns. However, the numerical
work indicates that the antisymmetric mode usually yields higher buckling loads except for
very long and thin shells.

PHYSICAL EXPLANATION

A physical explanation of the effect of eccentricity of rings on the instability of stiffened
cylindrical shells under hydrostatic pressure is given in [20]. There, the explanation is
given for rings because rings are most effective in stiffening against hydrostatic pressure.
For axial compression stringers are much more effective than rings and therefore the
effect of the eccentricity of stringers will be considered here in detail.

The explanation follows the lines of that given in [20], but there are important differences
between the behavior of stringer-stiffened shells under axial compression and that of ring
stiffened shells under hydrostatic pressure.

The total geometrical bending stiffness of the combined stringer-shell cross-section is
not affected by the position of the stringers and is equal for outside and inside stringers.
(Actually, the moment of inertia of the combined stringer-shell cross-section is larger for
outside stringers but for closely spaced stringers this difference is small and can be neglected.
When the closely spaced stringers are "distributed" there is no difference at all.) As a
result of the initial curvature of the shell, additional membrane forces appear in it during
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buckling. If one considers the circumferential membrane forces, this is immediately
apparent, since for outward buckles the shell has to lengthen and tensile forces arise,
while for inward buckles the shell has to shorten and compressive forces arise.

A relation between the axial and circumferential membrane forces is obtained by
differentiation of the first two stability equations (equations (11) of [5] or equations (4) of
[20]) with respect to x and <p, which yields

N X,xx = N 4>,4>'" (21)

By substitution of the assumed displacements for simple supports, equations (4), into
equation (21) this relation between the membrane forces becomes

n2f3 2N x = t2N", (22)

As mentioned, N '" is compressive in a positive (inward) wave and tensile in a negative
wave. From equation (22) it is seen that N x follows N 4> at every point of the shell.

It should be noted that equation (22) applies to the classical simple support boundary
conditions, equations (3). For the classical clamped boundary conditions, equation (11),
a similar relation between N x and N", can be obtained when n = 1, since substitution of
equation (14) into equation (21), with n = 1, yields

(n+l)2f32N x = 4f32N x = t2N", (23)

For n i= 1 the relation cannot be expressed in such a simple manner, though it is similar
in character. However, heavily stiffened cylindrical shells of practical dimensions tend to
buckle with n = 1, unless they are very long. For long shells, the buckling pattern repeats
itself, and though n increases, f3 decreases simultaneously with the result that nf3, which is
really the important quantity in equations (22) and (23), remains nearly constant. Hence
the conclusions drawn from equation (22) apply approximately also to classical clamped
ends, and may be expected to apply approximately also to the other boundary conditions
not considered here.

In Figs. 2(a) to 2(d), M x represents the geometrical bending stiffness of the cross-section
of the stringer-shell combination. M x is the moment necessary to produce a certain change
in curvature and is equal for inside and outside stringers. However, due to the longitudinal
membrane force acting in the shell, the actual total bending stiffness of the cross-section is
changed. For a stringer-shell combination with inside stringers the actual total bending
stiffness is [see Figs. 2(a) and 2(c)]

(24)

where M~n is the actual moment necessary to produce the same change of curvature that
M x would produce without the membrane force N~n.

In the same manner, the actual bending stiffness for the cross-section with outside
stringers is [see Figs. 2(b) and 2(d)]

(25)

where again M'/xut is the actual moment necessary to produce the same change of curvature
which M x would produce without the membrane force N~ut.

From equations (24) and (25) it can be seen that the actual bending stiffness for outside
stiffening is larger than that for inside stiffening. This is the primary eccentricity effect.
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There is, however, another opposing secondary effect that influences the behavior of the
eccentrically stringer-stiffened shells under axial compression, though its influence is
less noticeable here than for ring-stiffened shells under hydrostatic pressure.

Consider a shell with inside stringers. In a positive wave, the moment M x produces
in the shell an additional compressive strain in the longitudinal direction. Due to Poisson's
effect (v), a circumferential strain appears in the sheet, giving rise to an additional com
pressive membrane force, !iN"" in the circumferential direction, which resists this strain.
This additional compressive membrane force has a radial component which resists radial
deformation [Fig. 3(a)]. On the other hand, for outside stringers the additional force
!iN", is tensile and therefore assists deformation [Fig. 3(b)]. In a negative wave [Figs.
3(c) and 3(d)J the same argument applies and the additional membrane force, !iN"" resists
the deformation for inside stringers, whereas it assists it for outside stringers.

The effect of eccentricity of stringers can therefore be summarized as follows:
1. Primary effect-outside stringers increase the actual bending stiffness in the longi

tudinal direction more than inside stringers.
2. Secondary effect-inside stringers increase the actual extensional stiffness in the

circumferential direction more than outside stringers.
Now, for short cylinders the main resistance to buckling is in the longitudinal direction.

M x is the main component of the resistance of the shell. N x is very small and therefore the
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difference in the actual bending stiffness for inside and outside stringers is also small.
Since M x is large and the secondary effect is important for very short cylinders, inside
stringers may yield larger critical axial loads than outside stringers, as is indeed found in
the computations. It should be remembered that the secondary effect depends entirely on
Poisson's ratio v. Variation of v will therefore noticeably influence the secondary effect.
With v = 0·5 the secondary effect is enhanced while with v = 0 it vanishes, as is later
verified in the numerical work.

For medium length cylinders M x is still important, but N x increases and therefore the
difference between the actual longitudinal bending stiffnesses for outside and inside
stringers also increases. Hence the critical axial load is much larger with stringers on the
outside than on the inside of the shell.

For long cylinders, the difference between the actual longitudinal bending stiffnesses
for outside and inside stringers continues to increase. The contribution of the membrane
force to the actual total bending stiffness, Z1N x' becomes larger than M x and for inside
stringers the actual bending stiffness, Mxn, may even change sign and become negative.
This has been verified for a typical long shell.

However, the total difference between the critical axial load for outside and inside
stringers decreases as the length of the shell increases, or more precisely, as Z increases.
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This is caused by the diminishing relative importance of M x and Nx in resisting buckling
for long shells, in which M,; is the main element of buckling strength of the shell. Since M",
is not affected by the eccentricity of the stringers, the total eccentricity effect declines in
long shells.

Rings are much less effective than stringers in stiffening of cylindrical shells subjected
to axial compression, when alone. However, they may increase the buckling load con
siderably when they act together with stringers, see Section 3 of [29]. Furthermore, the
behavior of ring stiffened shells under axial compression is also of interest since shells
primarily designed to withstand lateral pressure (which will be predominantly ring stiffened)
may be subjected to axial loads under certain conditions.

The eccentricity effect of rings in an axially compressed cylindrical shell is basically
the same as that considered above for stringers and given in detail for ring stiffened shells
subjected to hydrostatic pressure in [20]. The same primary and opposing secondary effects
could be discerned and ranges should occur where the primary effect dominates and outside
rings yield higher loads than inside rings, and where the secondary effect dominates and
inside rings are better. However, under axial compression ring stiffened shells buckle with
many longitudinal waves, unless the shell is very short, and hence subdivide into many
short "bays". As a result, the axially compressed ring-stiffened shell is always in the "short
shell" range where outside rings should yield higher buckling loads than inside ones. The
computations verify this argument.

The discussion up to this point has only considered non-axisymmetric buckling patterns,
and the possibility of axisymmetric buckling has now to be considered. Since in the axi
symmetric buckling pattern no bending occurs in the circumferential direction, the eccen
tricity of rings cannot affect the critical load when the shell buckles in this mode. This is
verified by the axisymmetric analysis, see equation (8), where no terms containing the
eccentricity of rings appear. Only the added area of the ring stiffens the shell against cir
cumferential extension and compression, but this stiffening is the same for outside and
inside rings.

One should now remember that for isotropic cylindrical shells under axial compression
the classical buckling load is the same for axisymmetric and non-axisymmetric buckling,
provided nfJ and t (the longitudinal wave parameter and the number of circumferential
waves) are large enough to be considered continuous, or is approximately the same other
wise, see for example [30]. From an energy point of view this means that the same amount
of strain energy is absorbed by a shell buckling in an axisymmetric pattern (sometimes
called ring-shape pattern) and by one buckling in a non-axisymmetric pattern (sometimes
called chess-board pattern).

For ring-stiffened shells this is no longer so. Consider first centrally placed rings
(e 2 = 0). As was already found by Thielemann for orthotropic shells [31], the classical
linear theory buckling loads, characterized by chess-board (asymmetric) and ring-shape
(axisymmetric) buckling, no longer coincide in general. For a ring-stiffened cylindrical
shell the chess-board pattern usually yields a slightly lower buckling load than the ring
shape pattern. This may be explained by energy considerations. The cross-sectional area
added to the shell by the rings stiffens it considerably against circumferential extension
or compression. Axisymmetric buckling, in which most of the strain energy absorbed is the
extensional strain energy due to the circumferential extension and compression of the shell,
would therefore require appreciably more energy input. On the other hand, in non-axisym
metric buckling only a smaller fraction of the strain energy is absorbed in extensional
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deformation and the remainder is due to bending in the longitudinal and circumferential
directions. For a hypothetical shell, in which the rings add only cross-sectional area but no
increase in moment of inertia in the circumferential direction, the chess-board pattern
will obviously yield a lower buckling load than the ring-shape pattern. For, in comparison
to an unstiffened shell, the increase in area in the stiffened shell due to the rings affects
a smaller portion of the total strain energy in non-axisymmetric buckling than in the
axisymmetric pattern. As the moment of inertia of the rings is increased, for constant
cross-sectional area, the energy absorbed by circumferential bending increases and the
buckling load of the chess-board pattern rises and approaches that for the ring-shape
pattern. For fairly large 122 , non-axisymmetric buckling would require more energy
input than symmetric buckling, and hence above a certain magnitude of 122 the shell will
always buckle in an axisymmetric pattern. This is verified by computations for a typical
shell (see Table 2).

When the rings are eccentrically positioned, outside rings should yield higher buckling
loads than inside ones in non-axisymmetric buckling, since axially compressed ring
stiffened shells are always in the "short" shell range. With inside rings, non-axisymmetric
buckling will occur and the positive eccentricity will lower the buckling below that for
centrally placed rings. With outside rings, however, the increase in buckling load that
would result from the negative eccentricity if the shell were to buckle in a chess-board
pattern, is not realized, since the shell now buckles in the ring-shape pattern which is un
affected by eccentricity and yields a lower buckling load. In shells with very small negative
eccentricity and small 122 , chess-board patterns are still possible, but for practical dimen
sions the axisymmetric buckling mode always predominates in this case. Computations for
typical shells verify the arguments presented.

For design purposes, the small differences between axisymmetric and non-axisymmetric
buckling for centrally placed or outside rings, discussed above, may be neglected. One can
therefore conclude roughly that with inside rings a chess-board pattern occurs and the
buckling load is reduced by the eccentricity of the rings, whereas with outside rings the
axisymmetric pattern dominates and the magnitude of the eccentricity does not affect the
buckling load.

NUMERICAL RESULTS AND DISCUSSION

The critical axial loads have been computed for 350 ring and stringer stiffened shells
covering a wide range ofshell and stiffener geometries.

The computations were carried out on the Elliot 803 and 503 computers of the Technion
Computing Center. The shell geometries considered cover (L/R) from 0·25 to 20·0 and
(R/h) from 50 to 50,000, and the stringer geometries include (A tlbh) from 0·1 to 5,0, (II tlbh3)
from 1·0 to 20'0 and (e l/h) from 1·0 to 10·0. The ring geometries considered cover a smaller
range.

In order to study the behavior of the secondary effect, the variation of the total eccen
tricity effect, (P0uI/pin), with Z is plotted for different values of Poisson's ratio in Fig. 4.
The extreme values of v considered, v = 0 and v = 0'5 are unrealistic, but bring out very
clearly the dependence of the secondary effect on v. With v = 0 the secondary effect dis
appears, while with v = 0'5 it is enhanced. For very small values of Z, the curves for v = 0'5
fall below (poul/pin) = 1. Hence an inversion of the eccentricity effect is demonstrated.
In the range of Z below the inversion point, inside stringers yield higher buckling loads than
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FIG. 4. Influence of Poisson's ratio on the eccentricity effect.

outside ones. There the primary effect is overshadowed by the secondary effect as the result
of the growing importance of M x relative to N x' For v = 0 there is no inversion and the
curve tends asymptotically (from the positive side) to (POUI/pin) = 1. This verifies the physical
arguments that link the secondary effect to Poisson's ratio.

With increase in Z, the eccentricity effect increases and passes a maximum (which is
discussed below), and for large values of Z all the curves merge into one. This indicates
that for large Z the primary effect remains the sole contributor to the total eccentricity
effect.

In Fig. 5 the curve for v = 0·3 and simple supports is redrawn, but with the computed
points to bring out the dominant dependence ofthe eccentricity effect on the shell geometry.
Again, as in [20] and [21], the Batdorf parameter, Z = (1-'v2)!(L/R)2(R/h), represents the
shell geometry rather well. The scatter of the points about the (P0ul/pin) curve is mainly
caused by the necessary periodicity of the waves in the circumferential direction, which
would appear as ripples if the values of poUI or pin were plotted versus Z. The curves in
Figs. 4 and 5 smooth out the effect of these ripples on the ratio (P0uI/pin). As Z increases
further, the (P0uI/pin) curve approaches asymptotically a value larger than 1, since in the
case of long shells under axial compression the buckling pattern divides the shell into
"sub-cylinders" having the same critical load and hence the length ceases to affect the
buckling load beyond a certain (L/R).

The maximum which appears in the curves of Figs. 4 and 5 represents a general charac
teristic behavior of stringer-stiffened cylindrical shells under axial compression that is
caused by the primary effect described in the preceding section. The primary effect is
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represented there by equations (24) and (25) and depends mainly on the magnitude of the
governing factors Nxz 1 and Mx. The larger Nxz 1 is as compared to Mx' the more pro
nounced is the difference between shells with stiffeners on the outside and those with
stiffeners on the inside. One could, therefore, expect a monotonous rise of the eccentricity
effect with Z, since N x remains relatively large even for long shells, while M x (which depends
on W,XX) decreases rapidly. However, in this discussion only the forces and moments in the
axial direction have been considered, whereas actually also circumferential forces and
moments contribute to the resistance against buckling. The relative contribution of N 4>
and even more so of M 4> grows as Z increases. But since for a stringer stiffened shell N 4> and
M4> are practically unaffected by e1 , the rise in (pout/pin) is slowed down by this "neutral"
influence as Z increases, and eventually is changed to a decline.

Or, more precisely: up to Z = 500, stringers are very effective since they influence
N x and M x' which predominate in this range of Z. On the other hand, long shells, with large
Z, behave approximately as unstiffened shells, and M 4>' which is here unaffected by the
eccentricity, overshadows the other factors. Between these two extremes there is a range
of Z where axial and circumferential forces and moments make similar contributions to the
stiffness ofthe shell. This is the range where the maximum eccentricity effect occurs.

The variation of (pout/pin) with Z is plotted in Fig. 5 also for clamped cylindrical shells,
and clamping implies here the classical clamped boundary condition given by equations
(11). The behavior of the total eccentricity effect for clamped cylindrical shells is seen
to be very similar to that of simply supported shells. (Pout/pin) again has a maximum, which,
however, is of slightly smaller magnitude than that for simple supports and occurs at
a larger Z. The total eccentricity effect also falls off more slowly with Z for the clamped
shell than for the simple supported one and outside stringers remain noticeably better
than inside ones even at very high values of Z. The scatter ofthe points about the (pout/pin)
curve is wider here than for simple supported shells. In clamped shells the scatter is partly
caused by the necessary integer values ofthe number of circumferential waves, as for simple
supports, and partly by the appearance of longitudinal antisymmetric buckling modes.
The physical explanation of the eccentricity effect applies also to clamped shells, and
indeed the main influence of the clamping of the eccentricity effect seems to be a shifting
of the (pout/pin) curve to higher values of Z.

Figure 6 shows the structural efficiencies of eccentrically stiffened shells. For a typical
stringer geometry, the ratio of the buckling load of stiffened shells to that of equivalent
unstiffened shells is plotted versus Z for outside, inside and centrally placed stringers and
for simple supports and clamped ends. Equivalency here implies identical weight. The
critical loads of clamped stiffened shells are actually compared with those of equivalent
unstiffened shells on simple supports instead of clamped ends. However, except for very
low values of Z (not represented in Fig. 6) unstiffened shells with clamped ends have
practically the same buckling loads as simply supported ones, see [24], and hence the
comparison is valid. Note also that the buckling loads are calculated with linear theory,
and hence the values for unstiffened shells are unrealistic. Hence the curves in Fig. 6 are
conservative and the actual structural efficiency of stiffened shells is higher than shown in
Fig. 6. In Figs. 11 and 12 below, the structural efficiencies of stiffened shells are re-evaluated
by comparison with empirical buckling loads of the unstiffened shells.

In the computations, some interesting results were obtained for M x in shells with inside
stiffeners. According to equations (24) and (25), M~ut and Mx

n are increased and decreased
respectively by the influence of the membrane forces. The validity of equations (24) and
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FIG. 6. Effect of end conditions on the structural efficiency of eccentrically stiffened shells.

(25), and the physical explanation they represent, is confirmed by numerical results. In
certain cases it was found that M x is not only decreased for inside stringers but actually
changes sign (for example, for the typical shell (Rllt) = 250, (L/R) = 4-0, (At/bit) = 0-5,
(e tilt) = 5 and (l11/bh3) = 5). This means that, in certain cases, a negative moment M x

has to be applied for a positive curvature ofthe shell in order to reduce the positive moment
contribution of the eccentrically applied membrane forces (see Fig. 2). In the mathematical
formulation, equation (2), this change of sign of M x means that the bending stiffness of the
shell-stiffener combination, represented here by (1 + 1101 )w.xx ' is overshadowed by the term
- (Iu.x that represents the bending contribution of the membrane forces.

In Fig. 7, the influence of stiffener geometry parameters on the buckling load is invest
igated for 3 typical shells. The variation of (POUI/PUNS) and (pin/PUNS) with magnitude of
eccentricity, cross-sectional area and moment of inertia of stringers is plotted, where
PUNS is the classical buckling load of the unstiffened shell. Except for very low values of Z,
the buckling load is not increased appreciably by variation of (II tfbh3

), (etlh) and (Adbh).
Indeed, in long shells with inside stringers increase of eccentricity, (etlh), reduces the
buckling load below that of the equivalent orthotropic cylinder, (etlh) = O. This behavior
can also be observed in Fig. 6, where the curve for (el/h) = 5 falls below that for (edh) = 0
as Z increases beyond 300.

In Figs. 8 and 9, the influence of stringer cross-sectional area Al and magnitude of
eccentricity el on the eccentricity effect are investigated. The moment of inertia of the
stringer about its centroid I II is only a parameter of secondary importance, since it does
not influence il and (I which determine the eccentricity effect. In all the curves in Figs. 8
and 9 a maximum occurs at almost the same value of Z. Even a radical change in magnitude
of eccentricity from (etlh) = 2 to (etlh) = 10 causes only a slight shift in the position of the
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maximum from Z = 200 to Z = 800. In very heavily stiffened shells, for example, (Adbh)
= 3 and (Atlbh) = 5 with (el/h) to in Table 1, differences in buckling load of more than
500 %are obtained between outside and inside stringers. Such stringers are not realistic,
but they indicate that the (pout/pin) ratio continues, in principle, to rise monotonically with
increasing stiffener rigidity.

FIG. 8. Influence of (A tiM) on eccentricity effect.
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FIG. 9. Influence of magnitude of let/hi on eccentricity effect

The torsional rigidity of the stiffener '1, I has been neglected in the preceding discussion.
For the case of ring stiffened cylindrical shells under torsion [21 J, the influence of the
torsional rigidity was found to be appreciable for certain geometries. Hence the influence
of'ltl on the buckling load is investigated here in Fig. 10. The range of values of 'It! = 5 to
11tl = 40 considered, is realistic and represents fairly large stringers with open and closed
sections. The influence of the torsional rigidity of the stiffeners is larger for inside stringers
and is important here, in the case of axial compression, even for large Z that represent
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practical design dimensions. For example, for T/,l = 10-20, increases of 25-50 %in buckling
loads are found in Fig. 10, or increases of up to 25 % in Table 3, where the theoretical
calculations are correlated with the experimental results of [9].

TABLE I. ECCENTRICITY EFFECT FOR CYLINDRICAL SHELLS WITH HEAVY STRINGERS

inside (+) outside (-)
L/R R/h A 1/bh 111 /ah 3 lei/hi )-ji.+

.+ ;, -I-

1·0 250 1·5 5 7 8432 7 23,380 10 2·891
500 10.150 10 33,900 13 3-340

1000 15,180 13 50,060 15 3·299
1·0 250 1·5 5 10 14,780 7 39,700 10 2-686

500 15,730 9 51,720 13 3·288
1000 19.240 12 70.690 16 3-674

2·0 500 1·5 5 10 7471 8 25,890 9 3'465
3·0 7597 7 39.650 10 5'220
5·0 13.970 10 81.770 12 5'852

TABLE 2. RING-STIFFENED CYUNDERS UNDER AXIAL COMPRESSION

AXISYMMETRIC AND ASYMMETRIC

(L/R = 0·5 v = (}3)

inside rings (+) outside rings ( - )
Rlh A21ah 122lah3 e2/h • +.

;. -I)UNSI. I. UNS
• + n ;. -I. n

50 (}5 5 5 718·4 3 2 809·4 0* 2 1·086 1·223
100 1420 4 3 1619 3 1'072 1·222
250 3578 6 5 4048 5 1·066 1·206
500 7063 8 6 8094 6 1·062 1·211

1000 14,050 11 9 16.190 9 1'062 1·224
2000 28.080 16 13 32,380 13 1·062 1·225

250 0·5 2 0 4016 5 5 t 1'196
5 4033 3 5 1·201

20 4044 2 5 1,205
40 4046 1 5 1·205

200 4048 0 5 1·206

250 (}5 5 (}5 3994 4 5 4048 0 5 1-190 1·206
2 1 3854 7 5 4048 5 1-148 1·206

40 1 4030 2 5 4048 5 1,200 1·206

* t = 0 means axisymmetric buckling.
t results for outside and inside rings are the same because e2 = o.

The buckling loads of the stiffened and unstiffened cylindrical shells compared in the
discussion were calculated by linear small deflection theory. For unstiffened cylinders under
axial compression, experimental results are well known to be much below the buckling
loads computed with linear theory. Closely stiffened shells, on the other hand show good
agreement between experiment and linear theory, see for example [9,32,33] and Section
5 oq291, and can therefore be adequately analysed by linear theory.
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TABLE 3. COMPARISON OF THEORETICAL AND CARD'S EXPERIMENTAL RESULTS

Shell P P P obtained by (14)
geometry Stringer geometry (kips) (kips) (kips)

No. Test Ref. [91
L/R R/h A1/bh 1,,/bh3 etlh I1tl simply supp. clamped simply supp. clamped ends

~

0 62·57*(6) 11308 (7) 61·93 (6) 114·5 (7)
en
Z

3-98 338 1·03 9·79 -5·83 112·6 (6) Cl

'"17 71·61 (6) 128·0 (7) '!"

0 35·22 (7) 47·96 (8) 34·98 (7) 47·76 (8)
~
co

2 3-98 345 1·06 10·5 5-96 48·0 (6) ;,-

18·2 43-15 (5) 62·82 (7) "cI"l
0::

0 71-0(7) 142·4 (9) 70·8 (7) 143·0 (9) '"::l3 2-49 347 1·07 108 -6 127·2 (7) Co

18·6 83·35 (7) 163·8 (8) 9
0 36·64 (7) 63085 (8) 35·4 (7) 61·98 (8) ::t

;,-

4 2-49 341 1·05 J(}1 5·89 61·6 (6) ";,-
17·6 45·93 (6) 77-81 (7) 1!:

* The number in brackets is equal to the number of circumferential waves.
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FIG. 10. Influence of torsional rigidity of stringers on stiffening of shell.

A recent study of the imperfection sensitivity of eccentrically stiffened cylindrical shells
[34] points out that imperfection sensitivity might invalidate the predictions of linear
theory over a substantial range of Z, especially in the case of stringer stiffened shells.
Experiments to date [9,33] that cover Z values of 160-5000 and (R/h) values of 300-700,
do not seem to confirm this fear. The authors feel, therefore, that for closely and fairly
heavily stiffened shells of practical dimensions linear theory is valid.

Hence, if one wants a clearer picture of the effectiveness of stringers as stiffeners of
axially compressed cylindrical shells, one may correct the buckling loads of the unstiffened
shells, considered in Fig. 6, according to experimental results, whereas linear theory is
considered valid for stiffened shells. An empirical formula for this correction is proposed
in [35]. According to Fig. 3 of the same reference, the correction, equations (26) below, is
conservative in comparison with test results of 14 different investigators. The proposed
correction factor is

(26)

The influence of the length of the shell on K has not been explored in great detail in [35] or
earlier investigations. Preliminary experimental studies discussed in [35] indicate that the
length has only a small effect on the correction factor K of equation (26), and length is
therefore not included in the empirical correction employed here.

Figure 11 compares the buckling load of axially compressed stringer-stiffened shells
with that of equivalently thickened ones (the equivalence refers here to equal weight).
The buckling loads of the equivalently thickened unstiffened shells are corrected according
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to equation (26). Hence

(paul/F) = (p0ul/KPUNS.EQJ (27)

and similarly for pin. Note that F is the critical load of an equivalently thickened shell
corrected by equation (26). Figure 11 is therefore a "corrected" restatement of Fig. 6 for
simple supports. However, here the plot is not versus Z as in Fig. 6, but versus (R/h), with
(L/R) as an additional parameter, since the correction factor K depends on (R/h) and not
on Z. The minima in (paul/F), or (pin/F), observed in Fig. 11, are due to different rates of
decrease of K and (POUI/PUNS.EQJ, with (R/h). It is seen that outside stiffening is always
better than equivalent thickening of shell, irrespective ofshell geometry. For inside stringers
there seems to be a range of (L/R) and (R/h) for which equivalent thickening is preferable.

In Fig. 12 the influence of stiffener cross-sectional area on the "corrected" structural
efficiency is studied. The cross-sectional area of the stringer is chosen as a parameter to
show that increase in stiffener area may be detrimental to structural efficiency, and may
mean such a weight increase that equivalent thickening is better even after the empirical
correction is applied.

In Table 3 the experimental buckling loads obtained by Card r91 are compared with
values calculated for classical simple supports, equation (6), and for classical clamped ends,
equations (18). Only the 4 integrally machined cylinders are compared. Theoretical values
without 1ft 1 and with 1ft 1 are given in Table 3 and again neglect of the torsional rigidity 1f'l
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is not justified here. The experimental buckling loads fall between the computed simple
supports and clamped end values, slightly closer to the clamped end values. Since the test
end conditions, flat ends between platens of a testing machine, are nearer to clamped ends
than to simple supports, the correlation is satisfactory. For comparison, the theoretical
buckling loads computed by Hedgepeth and Hall [14J for Card's test cylinders are also
presented in Table 3. Hedgepeth and Hall neglect the torsional rigidity and hence their
values are similar to those computed here with Y/t t = O. They also neglect in their theory [14]
the bending and 'twisting stiffness of the skin, but in the case of Card's cylinders this neglect
is permissible. The small differences are mainly due to slightly different interpretations
of the geometries presented in [9].

A more general comparison between the theory of Hedgepeth and Hall [14] and that
employed here, which was originally derived in [5], may be useful. In [14] an attempt is
made to simplify the theory by neglect of "unimportant" stiffness contributions in order
to facilitate deduction of general conclusions. For stringer stiffened shells the bending and
twisting stiffness of the skin as well as the torsional rigidity of the stringers are neglected.
Hence, for simple supports, one can summarize the comparison with the present theory by
the following relation

(28)

where P is the critical axial load obtained here and PHH is the critical load obtained in [14].
The importance of the torsional rigidity has already been discussed. The first term in the
square brackets of equation (28) is important only when t is large. Hence neglect of this
term is often justified, but sometimes considerable errors may result. For example, in a
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typical shell with (Rjh) = 500, (LjR) = 1,0, (edh) = 5, (Adbh) = 1·5 and (l"jbh 3
) = 5,

the buckling load is 40 %higher when the term (2jn 2/32)(n 2/32 + t 2f is included.

CONCLUSIONS

The results of the calculations for 350 typical shells under axial compression show that
the behavior of the eccentricity effect depends very strongly on the geometry of the shell
while the geometry of the stiffeners only influences its magnitude. For all practical geo
metries outside stringers yield higher buckling loads than inside ones. The eccentricity
effect has a pronounced maximum which occurs for values of Z which are common in
aerospace practice. The behavior of the eccentricity effect for shells with clamped ends is
very similar to that for simply supported shells. Rings when alone, are much less efficient
as stiffeners. With inside rings the buckling load is reduced by the eccentricity, whereas
with outside rings the axisymmetric pattern, that is not influenced by eccentricity
dominates.
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Resume-L'effet de l'excentricite des pieces de support sur la charge critique est etudiee pour des coquilles
cylindriques sous compression axiale. Le support simple c\assique et les conditions d'extremite de serrage classique
sont considerees. Une explication physique detaillee des causes de l'effet d'excentricite est proposee et verifiee
par des calculs portant sur 350 coquilles typiques. Comme dans Ie cas due flambement sous l'effet de la torsion
et de la pression hydrostatique Ie comportement de l'effet d'excentricite dans Ie cas de la compression axiale
depend aussi tres fortement de la geometrie de la coquille, representee par Ie parametre de Batdorf. D'autre part
la geometrie des pieces de support n'influence que sa grandeur. Pour une valeur Z tres reduite, un renversement
de I'effet d'excentricite a lieu, mais pour des dimensions pratiques les longerons exterieurs raidissent la coquille



470 J. SINGER, M. BARUCH and O. HARARI

plus que les longerons interieurs. L'effet d'excentricite a un maximum prononce pour les valeurs pratiques de Z.
Le comportement de I'effet d'excentricite est tres semblable pour des coquilles a serrage et pour des coquilles
simplement supportees. Les effets d'excentricite des pieces de support annulaires sont aussi consideres.

Zusammenfassung-Die Einwirkung der Versteifungs-Exzentrizitat auf die kritische Belastung wird fUr zylind
rische Schalen unter Uingsbelastung untersucht. Klassische Bedingungen der einfachen Stiitze wie auch ein
gespannte Enden werden ermittelt. Eine genaue physikalische Erkliirung der Vrsachen des Exzentrizitiitseffekts
wird vorgeschlagen und durch Berechnung von 350 typischen Schalen bestiitigt.

Wie im Faile des Beulens bei hydrostatischem Druck und Torsion hangt des Verhalten des Exzentrizi
tiitseffekts bei Liingsbelastung sehr von der Gestalt der Schale ab, diese wird durch den Batdorf'schen Parameter
dargestellt. Andererseits beeinftusst die Gestalt der Versteifungen nur deren Grosse. Bei geringen Z-Werten
erfolgt Inversion des Exzentrizitatseffekts. aber praktisch versteifen Aussentriiger die Schale mehr als Innentriiger.
Der Maximalwert des Exzentrizitiitseffekt erscheint bei praktischen Z-Werten. Der Exzentrizitiitseffekt ist fUr
eingespannte sowie fUr einfach gestiitzte Schalen sehr iihnlich. Der Einftuss ringformiger Versteifungen wird
auch untersucht.

A6cTpaKT-PaCCYllC,ll;aeTCSl 3!/>cPeKT 3KCQeHTpHlIHOCTH pe6ep )[(ecTKOCTH Ha KpHTHlIecKylO Harpy3Ky B

QHJIHH~PHlIecKHX 060JIOllKaX C)[(aTbIX oceBblM ~aBJIeHHeM. PaccMaTpHBalOTcSl KJIaCCHlIecKHe rpaHHlIHble

yCJIOBHSI cBo6o~HOro H 3aKpenJIeHHoro KpU. TIpeMaraeTcSI ~eTaJIbHOe !/>H3HlIecKoe BblSlCHeHHe npHlIHH

3!/>cPeKTa 3KCQeHTpHlIHOCTH, npOBepeHHoe H HCCJIe~S1 350 THnHlIHblX 060JIOlleK.

TaK KaK B CJIyllae BblnyllHBaHHSI rH~pocTaTHlIecICHM ~aBJIeMHeM H KpylleHHeM, nOBe~eHHe 3!/>cPeICTa

3ICCQeHTpHTeTa B CJIyllae oceBoro ~aBJIeHHSI TaK)[(e 3aBHCSlT B 60JIbWoA creneHH OT reoMeTpHH 060JIOllKH,

npe~CTaBJIeHHOAnapaMeTpoM liaT~op!/>a.C ~pyroll: CTOpOHbl reoMeTpHli pe6ep )[(ecTKOCTH BJIHSleT TOJIbKO

Ha HX BeJIHlIHHY. TIPH OlleHb MalIOM Z, npoHcxo~HTHHBepcHSI J</>cPeKTa 3ICcQeHTpHlIHOCTH, HO MSI npaK

THlIecKHX paClIeTOB, BHeWHHe pe6pa )[(ecTKOCTH, BCer~a YCHJIHBaIOT 060JIOllKY 60JIbWe lIeM BHyTpeHHHe.

3!/>cPeKT 3KcQeHTpH'IHOCTH HMeeT onpe~eJIeHHblll:MaKcHMyM npH npaKTHlIecKHx 3HalleHHSlX Z. TIOBe~eHHe

3!/>cPeKTa 3ICcQeHTpHTeTa OlleHb no~06Ho ~JIJI 3aICpeITJIeHHblX H cB060~HO onepTblX 060JIOlleIC. PaccMoTpeH

TaK)[(e 3!/>cPeKT 3ICcQeHTpHTeTa npH HalIHlIHH Kpyro06pa3Hblx pe6ep )[(ecTICOCTH.


